Introduction.
The systematic investigation of singularities of Lagrange mappings started in 1972 with V.I. Arnold's paper [1] . A Lagrange mapping is the projection of a Lagrange variety in a cotangent fibration onto its base. In the paper [1] it was discovered that singularities of Lagrange mappings of nonsingular Lagrange varieties are classified by degenerations of critical points of smooth functions and the discrete part of their classification is indexed by Coxeter's groups A µ , D µ , E µ . This is the so-called ADE-classification of simple stable singularities of Lagrange mappings.
However, in applications singular Lagrange varieties appear. Among them open swallow tails and open Whitney umbrellas are very frequently encountered. Open swallow tails occur in the so-called obstacle problem about singularities of the distance on Riemannian manifold with boundary [2] , [9] , [20] , [16] . Concerning open Whitney umbrellas see [8] , [9] , [13] , [15] . They appear naturally in various situations; for instance, as singularities of the generalized Cauchy problems [9] , [11] , singularities of Riemannian invariants [18] , and singularities of tangent developables [19] , [20] , [14] as the Legendre counterpart. In [9] the discrete part of local classification of Lagrange mappings of open swallow tails is carried out and some singularities of Lagrange mappings of open Whitney umbrellas are found. See also [22] .
In this paper, we give the full discrete part of local classification of Lagrange mappings of the open Whitney umbrella of type one, or the first open Whitney umbrella. More accurately, we classify simple stable singularities of mappings of the first open Whitney umbrella. This problem was inspired by the classification problem of the composition of an isotropic mapping and a cotangent fibration. (A smooth mapping is called isotropic if the pullback of the symplectic structure is equal to zero.) If the isotropic mapping is an immersion then the discrete part of local classification of the above compositions is the ADE-classification. Otherwise, the isotropic mapping can have singularities, first of all, open Whitney umbrellas [8] . Therefore, our classification gives the answer for simple stable compositions of the first open Whitney umbrella and a cotangent fibration.
We recall, in the ADE-classification and its generalizations, that stable mappings of Lagrange manifolds are classified by means of families of functions -generating families [3] , [25] . Also in our problem, namely, the classification problem of stable projections of Lagrange varieties under Lagrange fibrations, the usage of generating families remains a powerful method, however in a different manner. Namely, we fix a Lagrange variety, while Lagrange fibrations are taken arbitrarily. A Lagrange fibration are regarded as a family of Lagrange submanifolds, and each Lagrange submanifold has a generating function. Thus we describe the Lagrange fibration by means of the family of the generating functions of the Lagrangian fibers, that is, the generating family of the Lagrange fibration. Then we describe stability and simplicity of Lagrange fibrations with respect to symplectic diffeomorphisms preserving the Lagrange variety, by means of the generating families. Similar methods are applied to other problems [23] , [24] .
First we recall the notions needed to state our main result.
Definition. A smooth fibration π : E → Y is called Lagrange if its space
E is a symplectic manifold and the fibers of π are Lagrange submanifolds of E.
For example, the cotangent fibration of a smooth manifold is Lagrange. We consider the classification problem of singularities on a Lagrange variety under various Lagrange projections. A subset of a symplectic manifold of dimension 2n is called a Lagrange variety if it has a stratification with maximal dimension n such that the symplectic form vanishes on each stratum.
there exists a point z ∈ U such that the germ of the perturbation at z is Λ-equivalent to the original germ π. (See [9] , [15] .) Definition. A germ of Lagrange fibration π : (E, z 0 ) → Y is called simple with respect to Λ-equivalence, or Λ-simple, if there exists its representative π : U → Y , z 0 ∈ U ⊂ E such that the number of Λ-equivalence classes of the germs (U, z) → Y for all z ∈ U of all sufficiently small Lagrange perturbations of π is finite.
Let Λ 1 be the first open Whitney umbrella given by the following parametric form:
where t is the parameter, (p, x) = (p 1 , . . . , p n , x 1 , . . . , x n ) are local coordinates in E such that ω = dp ∧ dx, and n ≥ 2. See [8] , [9] , [13] , [15] .
Then Λ 1 is an n-dimensional algebraic Lagrange variety (Lemma 3), whose singular locus Σ(Λ 1 ) = {p = 0,
Remark that, at a regular point z 0 ∈ Λ 1 , there exists a system of symplectic coordinates (p, x) around (E, z 0 ) such that Λ 1 is defined by {p 1 = 0, . . . , p n = 0}. Now a Lagrange fibration is given by a family of Lagrange submanifolds. It is well-known that a smooth Lagrange submanifold is locally given by
, where I, J is a decomposition of {1, 2, . . . , n} and w(p I , x J ) is a smooth function.
Definition. Let W : R n × R n → R be a smooth function of p I , x J , and y = (y 1 , . . . , y n ), which satisfies the condition of nondegeneracy:
Then W is called a generating family of the Lagrange fibration π : (p, x) → y whose symplectic structure and fibers are given by the formulas ω = dp ∧ dx, π
(Locally π is a fibration in consequence of nondegeneracy of W .)
For example, the natural Lagrange projections (p, x) → p and (p, x) → x are given by the generating families −xy and py respectively.
Then the main result of this paper is the following: Classification of simple stable projections at regular points
Classification of simple stable projections at singular points. 
We examine examples from the list of Theorem 1.
(1) The singularity S 4 , n = 3. The generating family is given by
and the Lagrange fibration is given by
The composition with the parametrization of the open Whitney umbrella is given by
The caustic of the singularity S 4 is a surface with a cuspidal edge ( Figure 1 ). The edge consists of A 3 -points and the S 4 -point (the origin). The tangent line to the edge at the origin consists of S 3 -points and the origin. In fact, the caustic is the tangent developable of the cuspidal edge, consisting of the tangent lines to the cuspidal edge. (2) The singularity T 5 , n = 4. The generating family is given by
and the composition with the parametrization of Λ 1 is given by
This provides the example of stable projection of corank two at the singular point in the smallest dimension.
Recall that, in the general singularity theory of mappings, the classification of C ∞ -stable map-germs is reduced to their classification up to the contact equivalence [17] IV. Also recall that, in Lagrange singularity theory, the Lagrange classification of Lagrange stable immersion-germs is reduced to the classification of function-germs up to the right equivalence. Naturally, in our classification problem, we need an analogous result to establish the actual classification. 
We say that Λ ⊂ E is an open Whitney umbrella if Λ is the image of an
open Whitney umbrella f n,k : (R n , 0) → (E, 0) in the sense of [13] . We have open Whitney umbrellas Λ k , 0 ≤ k ≤ [n/2]; Λ 0 is a Lagrange submanifold and Λ 1 is the first open Whitney umbrella already introduced.
Then we prove and use in this paper the following: Consider the case when Λ is a Lagrange submanifold (k = 0). Then we may take symplectic coordinates (p, x) with Λ = {x = 0}. Recall the fundamental theorem of Lagrange singularity theory [3] : Two germs of Lagrange submanifolds in T * R n are Lagrange equivalent for the canonical projection T * R n → R n if and only if their generating families are stably R + -equivalent. Moreover, a Lagrange submanifold is Lagrange stable if and only if its generating family F (q, x), q being the inner variables, is an R + -versal deformation of F (q, 0) [3] . So, two Lagrange stable Lagrange submanifold are Lagrange equivalent if their generating families are deformations of stably R + -equivalent function germs. Besides, we recall the notion of "contact equivalence" for Lagrange manifolds due to Golubitsky and Guillemin [10] . Then two germs L, L of Lagrange submanifolds are contact equivalent via a symplectic diffeomorphism in the sense [10] 
Therefore, Theorem 2 is a quite natural generalization of the fundamental theorem of Lagrange singularity theory. Also it is a Lagrange counterpart of the Mather's theorem "two A-stable mappings are A-equivalent if and only if they are K-equivalent" [17] in ordinary singularity theory of stable mappings. See also [15] §6.
In the next section we give the formal classification of central fibers of simple stable projections of the first open Whitney umbrella Λ 1 up to Λ 1 -preserving symplectic diffeomorphisms (Theorem 3). Theorem 3 follows from Theorem 4 which is reduced to technically key Lemma 1. In §2, we prepare Lemmas needed in the following section. In particular, we give explicit equations defining the first open Whitney umbrella. Then Lemma 1 is proved in §3. Theorems 2 and 1 are proved in §4. In §5 we describe relations between our study and simple stable compositions.
For the proof of Theorem 1 we use explicit equations defining the first open Whitney umbrella. In order to carry out classifications of simple stable projections of general open Whitney umbrellas applying the method used in the present paper, we need to get explicit equations for them. That problem is left open.
The authors would like to thank the referee for the helpful comments.
Normal forms of fibers.
We start to prove Theorem 1 with finding formal normal forms for separate fibers which pass through singular points of the first open Whitney umbrella Λ 1 with respect to symplectic diffeomorphisms preserving Λ 1 itself.
Definition.
A germ of Lagrange submanifold L ⊂ E is called simple with respect to Λ-equivalence, or Λ-simple, if the number of Λ-equivalence classes of all germs of the kind τ (L) is finite, where τ : E → E is any sufficiently small symplectic perturbation of the identity diffeomorphism.
In particular, a Λ-stable germ of Lagrange fibration is called simple with respect to Λ-equivalence, or Λ-simple, if there exists its representative such that the number of Λ-equivalence classes of all its germs is finite.
In coordinates (p, x) such that ω = dp ∧ dx, any Lagrange submanifold is locally given by at least one of the 2 n generating functions w(p I , x J ) by the formulas: 
3 where n ≥ 3. Non-simple germs occur in families of Lagrange submanifolds depending generically on at least 5 parameters. In generic 4-parametric families such germ do not occur. 
Such germs occur in families of Lagrange submanifolds depending generically on at least c parameters. Case 8 is adjacent to Case 4; Cases 10 and 11 are adjacent to Case 9.
II. In the above cases: The singularities of the first open Whitney umbrella Λ 1 form a submanifold of codimension n + 2. So, germs passing through singularities of Λ 1 occur in families of Lagrange submanifolds depending generically on at least 2 parameters. This is the case J = 0. The other cases require the extra number of parameters which is equal to the quantity of conditions for the second and third derivatives.
II. It is sufficient to prove Cases 1, 2, 3, 7 for n = 2 and Case 5 for n = 3. This follows from the equivalence w ∼ Λ 1 w 0 where w 0 (p I , x J ) = w| p I =0 , I = I ∩ {1, 2}, and I = I ∩ {3, . . . , n}. The equivalence is performed by the symplectic diffeomorphism
where w = w − w 0 . This diffeomorphism preserves Λ 1 because it shifts the plane p I = 0 along only x I (preserving p I , p J , x I , and x J ) that follows from the equality w| p I =0 = 0.
The following infinite chains It remains to prove that Case 12, namely, #J ≥ 3 is not Λ 1 -simple. Indeed, the tangent plane to the first open Whitney umbrella Λ 1 at the point
is defined by the equations:
, dp 2 − tdx 1 = 0, dp 3 = · · · = dp n = 0.
Along the curve
our tangent plane is defined by the equations dp 1 − tdx 1 − tdx 2 = 0, dp 2 − tdx 1 = 0, dp 3 = · · · = dp n = 0 and tends to the plane dp 1 = · · · = dp n = 0 as t → 0. Therefore, the case #J ≥ 3 is adjacent to the class of ordered pairs of germs of smooth Lagrange submanifolds whose tangent planes have three-dimensional intersection. This class is not simple up to symplectic equivalence because, according to [10] , it corresponds to the so-called P 8 class consisting of the germs of smooth functions at critical points of corank 3. Moreover, the symplectic equivalence of ordered pairs of Lagrange germs corresponds to the stable right equivalence of the germs of smooth functions (see [10] ). But the P 8 class contains a continuous invariant up to stable right equivalence [3] . This invariant comes from linear equivalence of cubic forms of three variables. 
invariant with respect to Λ 1 -equivalence;
contains a continuous invariant with respect to Λ 1 -equivalence.
Hamiltonian vector fields.
It is well-known that a vector field which preserves the symplectic structure ω = dp ∧ dx is locally defined by its Hamiltonian H:
Let L(w) be the Lagrange submanifold given by a generating function w(p I , x J ):
and H(w) denote the derivative of the generating function when the Lagrange submanifold is perturbed by the vector field with a Hamiltonian H. 
Lemma 2. H(w) = H|
L(w) + const.
H(ψ
Comparing the two last equalities and taking into account (2) we get
Open Whitney umbrellas Λ = Λ k = f n,k (R n ) are real algebraic sets in R 2n . In fact, the complexification f C : C n → C 2n of the parametrization f : R n → R 2n is proper and one to one. Therefore f C (C n ) is a complex algebraic set in C 2n , and f C (C n ) ∩ R 2n = f (R n ) is a real algebraic set. However, for the explicit classification, we need, furthermore, the explicit equation of Λ.
Let 
form a Gröbner basis of the ideal I t (Λ 1 ) with respect to the lexicographic order. Hence, the four last polynomials which do not depend on t generate I(
Proof of Lemma 1.

In Cases
l we use the standard homotopy method. Namely, let ω τ be a family of generating functions depending smoothly on a parameter τ and H τ be a smooth family of Hamiltonians satisfying the homological equation 
where E τ is the algebra of smooth functions on the segment [0, 1], m is the maximal ideal in the algebra of germs at 0 of smooth functions on E, and I (Λ 1 ) is the ideal consisting of all germs which vanish on the first open Whitney umbrella Λ 1 . Now solving the Cauchy probleṁ
with respect to a family of diffeomorphisms g τ on the segment [0, 1] for small (p, x) we get the equivalence ω 0 ∼ Λ 1 ω 1 performed by the local symplectic diffeomorphism g 1 preserving Λ 1 and 0.
Let
be the restriction of the ideal H(Λ 1 ) onto the family of Lagrange submanifolds given by the family ω τ (p I , x J ) ∈ E τ ⊗ A 0 of generating functions and Gr H(Λ 1 )| L(ωτ ) ⊂ E τ ⊗A 0 be the quasihomogeneous ideal generated by the principal quasihomogeneous parts of the germs from
Therefore, in the considered cases, the homological equation
is solvable because
that is shown below in each case. 1 l ) Let ω τ = τ w l . According to Lemma 3, 
the principal parts of these polynomials are
2 , the principal parts of these polynomials are
, the principal parts of these polynomials are p a 11 (1) = a 11 , a 12 (1) = a 12 , a 22 (1) = a 22 , b(1) = b. According to Lemma 3,
, the principal parts of these polynomials are
According to Lemma 3,
, the principal parts of these polynomials are p 2 1 , 3p
,
, the principal parts of these polynomials are −2x 1 
In Cases 4 * , 6 * , and 9 * we consider the Lie algebra of germs of Hamiltonian vector fields which are tangent to the first open Whitney umbrella Λ 1 and preserve 0. For the Hamiltonians H these conditions mean H| Λ 1 = 0 and ∂ p H(0) = ∂ x H(0) = 0 respectively. So, our Lie algebra is the ideal m 2 ∩ I (Λ 1 ) where m is the maximal ideal in the algebra of germs at 0 of smooth functions on E and I (Λ 1 ) is the ideal consisting of all germs which vanish on the first open Whitney umbrella Λ 1 .
Let B = A 4 /A 5 in Cases 4 * , 6 * and B = A 3 /A 4 in Case 9 * . In all these cases our Lie algebra m 2 ∩ I (Λ 1 ) acts on B by the formula from Lemma 2:
It remains to check these inequalities.
Therefore, according to Lemma 3,
Stable Lagrange mappings.
In this Section we prove Theorems 1 and 2. Theorem 1 follows from Theorem 2, the proved Theorem 3, and the following Lemma 4.
Definition. Let Λ ⊂ E be a Lagrange variety. The germ at 0 of the Lagrange fibration given by a generating family
where I (Λ) is the ideal consisting of the germs of all functions on E which vanish on the Lagrange variety Λ, L(w) ⊂ E is the Lagrange submanifold defined by the generating function w, and A 0 is the algebra of germs at 0 of smooth functions of p I and x J .
Remark. This is nothing but the Givental' versality [9] for the Lagrange mapping Λ ⊂ E → Y when the Lagrange fibration is defined by the generating family W . Also, in the case Λ is an open Whitney umbrella, the Givental' versality condition is equivalent to that the parametrization of Λ is Lagrange stable with respect to the Lagrange fibration in the sense of [13] , [15] (Theorem 2 from [13] , page 216). Proof. It is sufficient to show in the case i is the inclusion of the zerosection R n → T * R n and i : R n → T * R n is defined as the graph of dh for a function h : R n → R with ord 0 h > r + 1. Then τ may be defined by
For a germ of symplectic manifold (E, 0) and a germ of Lagrange submanifold (L, 0) ⊂ (E, 0) at a base point 0, we denote by Sp(E, L) the group consisting of germs of symplectic diffeomorphisms (E, 0) → (E, 0) preserving L. Take a Lagrange fibration π : (E, 0) → (Y, 0) having L as the central fiber: π −1 (0) = L. We denote by Lag(E, π) the group consisting of π-fiber preserving symplectic diffeomorphism-germs (E, 0) → (E, 0). Notice that
Lemma 6. Lag(E, π) is a deformation retract of Sp(E, L). More exactly, there exists a mapping
with the properties:
and continuous on a compact neighborhood of 0
with respect to C ∞ -topology, when τ is considered as a variable.
In particular, each element of Sp(E, L) is connected to an element of Lag(E, π) by a smooth path, fixing the 1-jet of the restriction to L, within Sp(E, L).
Proof. It suffices to show when E = T * R n with the canonical coordinates (p, x), L = {x = 0} and π : , x), X(p, x) ). Then X(p, 0) = 0. Remark that the Jacobi matrix A = (∂X/∂x)(0, 0) is regular. Now consider the graph Γ(τ ) of τ in T * R n × T * R n , with coordinates = (p, x; p , x ). Then Γ(τ ) is a Lagrange submanifold with respect to the symplectic form Ω = i dp i ∧dx i − i dp i ∧dx i of T * R n ×T * R n . Consider the Lagrange projection Π : ), and assume L and L are formally Λ-equivalent. By taking symplectic coordinates, we may assume E = T * R n and π : T * R n → R n is the standard fibration.
Then 
Simple stable compositions.
Here we remark that our result is applied to the classification problem for compositions of an isotropic mapping and a Lagrange fibration [13] , when the isotropic mapping is the first open Whitney umbrella. For this, first recall the notion of C ∞ normalization [6] , [7] in the special case we need:
A map-germ f : (R n , 0) → (R p , 0) is called a C ∞ normalization if f is C ∞ -right-left equivalent to an analytic map-germ f : (R n , 0) → (R p , 0) which is a normalization of the image.
Recall that a map-germ f : (R n , 0) → (E, 0) is called an open Whitney umbrella of type k if f is symplectically equivalent to a polynomial map-germ f n,k : (R n , 0) → (T * R n , 0) explicitly given in [13] , namely f • σ = τ • f n,k for a diffeomorphism σ : (R n , 0) → (R n , 0) and a symplectic diffeomorphism τ : (E, 0) → (E, 0).
Remark that the normal form f n,k of open Whitney umbrellas is an analytic normalization of the image, and therefore any open Whitney umbrella is a C ∞ -normalization. The following lemma is a special case of Theorem 1.11 of [7] : In general case, apply the above argument to f and T •f , for a symplectic diffeomorphism T : (E, 0) → (E, 0) satisfying π = π • T ( [3] ).
